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'APPROXIMATE ANALYTICAL SOLUTION FOR THE OPTIMUM CYCLE PARAMETERS :: .il
OF TURBOFAN ENGINES WITH EQUAL TOTAL PRESSURE MIXING EXHAUST® T

Ts'ul Chi~-ya
(BeiJing Institute of Aeronautics and Astronautics)

ABSTRACT

This paper sets forth an approximate analytical solution for
the optimum cycle\papameters of turbofan engines with equal total
pressure mixing exhaust. With a given bypass ratio, three
respective optimum compressor pressure ratios for thrust, s.f.c. and
fan pressure ratio may be determined, the last one meaning both
thrust and s.f.c. optimum when reheating.

o
o

I. FOREWORD /1

I

Although some research has been done on the optimum cycle
parameters of turbofan engines with equal total pressure mixing
exhaust, no analytical solution has yet been found for this
problem. By grouping sets of constants together, we have, for
the first time, set forth'an approximate analytical solution for
turbofan engines with equal total pressure mixing under the
condition of a given bypass ratio.

'This article was read during the Third National Meeting of the
Engineering Thermophysics Conference held in Kueilin 1n_Apr11, 1980.

*%Numbers in the margin indicate pagination of foreign text.
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II. METHQD AND RESULTS

From Figure 1, which gives the working process of the turbofan
engine with equal total pressure mixing exhaust, the conversion of
internal energy to external energy is given by

B(i& = i) = »(1 + £,)(i? — it)

Employing basic thermodynamic relations, this can be written as

_ , 34 . —
.."(“"")[",' *L+ ot ?:"(f)ﬁ" @

enTIP T — DA
where Ve and v " are cbefficients ‘of turbofan engine air cooling.
The subscripts, f, k, and r refer to the fan, the compressor and
the burning gas, andcws is the average specific heat of the burning
gas from 0°K to T;.

Figure 1. Working pro._ess of the turbofan engihe with
equal total pressure mixing.

Making use of the relation of &qual total pressuru mixins,
pIZ- pg, we obtain: o
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-¢coefficients, one can determine from

T
P s
1) Tt

¢%+F‘wf—{§ f%—b+%h—f$ﬂ

nr..:-r(r.—-:"l%') Lo : | ﬁ_’

In the above equation,

Reh F, = vl afcpcn/cecrints F1= [ig't(i + tn)!if/fuffl +13

dp=1
Fyum C,QT;.UoT/prl.Yt(l + "7)‘:""
Fom [cTn() + g )it/ enTl + 1,

(crAis the coefficient of tétal pressure of'the,cqmbustion chamber. )

After each constant, F has been found for given efficiency and

-

J L/}

the compressor pressure ratio («%) % that maximizes the fan
kinf
pressure ratio.

The unit thrust of the internal flow 1s

| R/G = (1 +g,+ Be/g—(1+ B)V/e

V= M JigRT, = /28]ie/ (k = 1)/2M 3

Assuming here that Ve = 1 approximately, one has

“ R (
mt:‘
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L -‘(u + plm = m‘*-r




(In the above equation, Cp07 is the average specific heat of the
burning gas from 0°K to T%, %n is the coefricient of the total

pressure of the mixer; m-1+(k-1)M /2 18 the ratio of pressure
to temperature increase during flight.)
R
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(7T = 133K, 27 = 0.778, 7} = 0.841, ¥ = 0.925, 7,4 = 0.9725, H, = 10300, § =0.97, vy =
0.91, goy = 0.01638, », = 0.9456, »; = 0.97,0, = 0.96, 0, = D.97, Cyy = 0.2475, £, =1.383,

," ‘ Copm 0.2992, &y = 1.402, C,, = 0.284, &, = 1.317, Cpo = 0.2525, Cppy = 0.246, ¢pmn0.25,48,
| L=138)

g} !

S w Figure 2. Effect of nﬁ during stay on ground.

Key: 1) kg/(kg/sec); 2) (kg/hr)/kg.

Therefore, the zero-order thrust is

R = (R/G)g/v uli.
2 (b)
-V Fg+8) !ntp‘nf'/‘m R— (1 + B) VR - D2 l)/m

where

l.-"j(ﬁ‘,i-.. ;")(1'-’-,1..}'-'-";?) | (3)




(In the above equation,

(R Fs= Q1 + g, )8 vt /C“Tx + Big 9(1./‘,.7’ +1
= (014 pCm = DI 0P

Hw])

P E N oWy

Figure 3. Effect of wﬁ during cruise in the stratosphere.
Key: (k=1.402, “Jk'0’99‘ the rest is the same as in Figure 2).
1) kg/(kg/sec); 2) (kg/hr)/kg.

From /109

d -
%? —514-&4,i? ° (4)

one can obtain the compressor ratio ( nﬁ)R that maximize the thrusts
ﬁ K and R.




Al'ehoush in the above derivation the var;a.bim r!:th '1{ aff' T
in the various constant F is very small compared to 1 and can
be neglected, s.f.c. is direétl?"é%ﬁd&dent‘éﬁ“&;; aﬁafbbiﬁﬁhsly

; must be taken into consideration:. ... .. . ::% ...

* iSead

&= /e, gﬁ -—.r, +;" 600/R V1T
in which 1§ is the air enthalpy of TB,iTg is the enthalpy
difference for constant temperature . combustion (3,4; v 1s'the coefficient
of air cooling in the combustion chamber. A8 ig 1s venw ‘much less
than the other terms in the denominator, it can. be omitted and we

have .
1 (e)
“"’“’"‘J (IH.—:T‘)m
_r;ﬂ_(x-pu.-syu..n.-rJno ()
- |

(In this equation, Hu-F,,/Hl; H3-F6/H1)

FProm the fbl_low’ing equation we can find the _‘c'ompre.sgor:coqmi’essipn
ratio (1rf()cR that minimizes the s.f.c.:

sy 00 00 u, (8
| = aar~ g = = hh o |
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In the above equation, note that
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Figures 2 and 3 are examples of the computation. After we
calculated the values of cp, k for each section using wﬁ=19.05
(u§-2.76) during a stay on the ground, these values were taken
to be approximately constant when nﬁ varied. Each figure repre-
sents the results obtained with the help of a microcomputer.
(The quantities in parentheses are results obtained by employing
the Felix 256 computer.)

CN (=2 (o),
During stay on ground. N 9(10 41) L 17(13 25) 47(37.26)
During cruise in the =~ TR R "
stratosphere: 9.95(10.68) 22(21 99) 58. 55(46 97)

The fan pressure ratio that optimizes thrust and s.f.c. is
optimum fan pressure ratio. This means that during reheat, thrust
is optimum, and it is easy to prove that at the same time s.f.c.
is optimum.

III. CONCLUSION

The solutions obtained by setting the specific heat and the
value of k constant for each separate part are fairly satisfactory.

However, further research needs to be done to compare these results

with the exact solution, and to determine the effect of varying
the initial data on the optimum parameters.

Please refer to [5] for the approximate solution for the
optimum circulation parameters under the condition of a given
compressor compression ratio. .
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APPLICATION OF THE TIME-DEPENDENT FINITE-VOLUME METHOD
TO THE CALCULATION OF TRANSONIC CASCADE FLOW FIELD

Chou Hsin-hai Liu Sung-ling Fan Fei-ta Chu Fang-yuan
(Northwestern Polytechnical University)

ABSTRACT

Based on analysis of the J.D. Denton scheme, we have adopted
the R.W. MacCormack time-split finite-volume method to calculate
the transonic cascade flow field, and thus have obtained better
agreement with experimental data. The effect of employing local
allowable time step size and a refined mesh to increase the rate
of convergence is discussed. Several techniques of artificial
viscosity are analyzed. The rule of information propagation, after
the energy equation is replaced by the relation of constant stag-
nation enthalpy along the streamline, is examined.

~
li—'
n
=

I. FOREWORD

The time-dependent finite-volume method 1s one of the effective
methods for calculating a transonic cascade flow field. We have,
in this paper, analyzed two schemes of this method, viz. the
Denton schemefl] and the MacCormack[Z] schemetz]
is to find a reliable method for computing in the design of trans-
onic cascades. When using a time-dependent method of solution,
an important criterion for the practicality of the method is the
rate of convergence. In this paper, we have adopted the refined
mesh approach and used local allowable time step slize to increase
the rate of convergence of the computation. This approach proved
to be effective. Furthermore, we have discussed the change 1ln the
rule of propagation of information in the flow field and its effect

Our purpose




on the stabllity of computation, after the energy equation is
replaced by the relation of constant stagnation enthalpy along
the streamline.

II. BASIC EQUATIONS

The basic equations for a two-dimensional, inviscid, thermally
nonconducting, unsteady, unconstant flow are

86/81 + BV ./0x + BV, /By w= 0 &Y

8V ,/0t + V,8V,/8x + V,8V./8y + p~'8p/8x = 0 (2)
avV,/8: + V,8V,/8x + V,0V,/By + p~'0p/8y =0 (3)
OE/8 + 8V .(E + $)1/8s + 8[V,(E + p)1/8y = 0 (4)

in which o is density, Vx and Vy
x and y directions, respectively, p is pressure and E is the total

are velocity components along the

internal energy per unit volume. Equation (4) is an energy equation.

If we let H represent the stagnation enthalpy, then when the flow
field approaches a steady state, Equation [4] can be rewritten as

DH/Dt = 0 (5)

i.e;, H is constant along the streamline. For the purpose of
solving for a steady state flow field, replacing Equation [U] with
Equation [5] will give an accurate result with reduced computational
work. After Equation [U4] is replaced with Equation [5], the set of
equations still retains its hyperbolic form. However, the rule

of information propagation is changed. Let us now dlscuss the
changes in the region of physical interest associated with the

set of equations under this condition. In order to do this,

we have studied the direction of the characteristic plane of the

set of equations. First, rewrite Equation [5] as

-] ] '
e gen oot ©

10

/122

i———




where k 1s the insulation index; a is the speed of sound. A linear
combination of Equations [1], (2], [3] and (6] gives, with coeffi-
cients a,(1=1,2,3,4),

q,-Vp-bm'VV.*ﬂ!'vvr+’70’vf-° (7

where

= (& = a0, Vo = 6V, V,0 — V')
= (&, pay + V.01, Vo)

5 = (o5 Vs poy + Vo)

%= (k‘h'l/_’ + V.o '!/P + V)

A general hyperbolic equation set possessing three variables
can, at most, have one linear combination of the original partial
equations such that the related variables can have derivatives
taken along the direction of their common plane, which is the

characteristic plane. Hence, if we let A = (xt, Ags xy) be
the normal vector of the characteristic plane, then
om0 (i=1,2,3,4) (8)
Equation [8] is a set of linear equations associated with a,. The
necessary and sufficient condition for it to have a non-zero
solution is
é ) 0 —~ald
ok, 4 0 0 -0 (9)
i, 0 4 0

0 i,/e l,/’ (Q“l)l.‘."

where d-xt + vxkx + Vy*y'




From Equation [9], the two non-zero solutions for 4 are given by

d=[—(k=Dazx V(k =170 + 42 + 8) )/2
Letting xxz + xyz = 1, we can derive

JE (10)

L+ VA, +V,a,=- 5—2';'(-1 Qrv.+4,V,)

- 2
, . 1+ & 12 (3, V, + z.,v,)

Equation [10] expresses the relationship between the normal vector
of the characteristic plane and the flow parameters and determines
the rule of propagation of information in the flow field. From
Equation [10], one can obtain the region of physical interest on
the xy-plane assoclated with the set of equations containing
Equation [5]. This region is limited to within the region pre-
scribed by the following geometrical elliptic equation (See

Figure 1):

” ”

x Y -
A+ (MG = D/GOTT | (11)

where M is the Mach number. Therefore, we see that after the energy
equation is replaced by Equation [5], information is propagated within
a characteristic elliptical cone in the three-dimensional coordinate
system (Xx,y,t). On the other hand, when Equation [4] is used, the ‘
information in the flow field is propagated within the characteristic /129
cone that intercepts the xy-plane at a circle whose radius is the i
speed of light a. Figure 1 gives a comparison of the bases of

the elliptical cone and the cone for various given Mach numbers.

In this figure, oo' = Vx + Vy represents distance covered per unit
time. The largest distance attainable by information propagation
in the flow field is




for the characteristic cone
o'dy = VI + Vi +a-K(M) for the characteristic elliptic cone

A =SV Ve

where

K(M) = /1/k + [M(k = 1)/(2)P — M(k — 1)/(2%)

The value of the function K(M) is always less than 1. Hence,
o'A1 is always greater than o'Az. The above property of the
characteristic elliptic cone shows that, since the region of
physical interest has been reduced in size, the stability of

the difference equations can be expected to improve by replacing
Equation [4] by Equation [5]), given the condition of using the
same difference scheme.

[ ]

(-2
N

Figure 1.
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When finding the solution by the method of finite volume,
we employ the integral form of the basic equations. Rewriting
Equations [2] and [3] in the form of the equation of conservation,
the integral form of the basic equation becomes; for a certain
area AA,

-g-L‘ua +Ln-as-o | (12)

where

[ 4 oV, + ’Vii,
U=lov. |, H=|(p+ Vi) + CoV oV A,
'V, (Pvzvg)ic + (? + pV; )"

§ 1s the unit outward normal vector of the perimeter s of the
area AA;ix and iy are unit vectors parallel to the x and y axes,
respectively. Equation [5] can be written as

kp/((k —1)p) + (Vi + ﬂ)/z = constant (13)

Equations [12] and [13] form the basic set of equations from which
the solutions can be found.

III. THE MESH SCHEME AND THE FINITE DIFFERENCE SCHEME

The mesh used in Denton's method is shown in Figure 2. It 1s
formed by lines parallel to the y-axis and the lines joining the
points of equal divisions along the y direction (simulated stream-
lines). In Figure 2, ABCD is a unit for computation. Following
the basic trend of thoughtuséd in the improved Denton scheme as
given in [1], we set up the finite difference equations, and cal-
culated a series of transonic cascade flow fields. The results
indicate that the fairly good accuracy and fast convergence meet

14




the demands of engineering computation. However, there is still

a difinite deviation from data obtained experimentally. Further-
more, even in the absence of shock waves, the total flow pressure V
on the surface of the object is different from the upstream total
pressure, with a difference of 15%. This definitely affects the
accuracy of the calculation. 1In search of a way to improve the
computation results, we tried MacCormack's time-split finite-volume
scheme. This method has been successfully applied to the solution
of problems related to external flows. It possesses a second-order
degree of accura&y both in time and space. Moreover, by employing
the time-~split scheme, it converts the multi-dimensional flow
computation into many one~dimensional flow computations, carried
out in a definite order, thus increasing the allowable time step
size. This scheme allows the cholce of any rectangular mesh. 1In
the present computation, we have chosen the same mesh as mentioned
above, except with the point of computation (1,j) located in the
center of each rectangle. (See EFGH in Figure 2.)

L e
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The time-split finite difference equations for Equation [12] are

T = U, — (83/04,,)(HYy - 0+ Higes * &) (14)
UG8 = 0.5(US; + UTTTE — (Ae/adi,) (HIST - 0+ HIT? - &)] (15)
UTH e UV — (A1) 84 XHIFA - 80+ HIHD - 3) (16)
Ush == 05U+ U™t —(Ar/b. 4, HSE - o + HD - &) (17)

In the above equations, s,= § (1=1,2,3,4); & 1s the unit outward
normal vector of each side of the mesh unit; 8, is the %ength of
each side of the mesh unit. (See Figure 2.) We can put Equations
[14] and [15), Equations [16] and [17], and the operations specified
from Equation [14] to Equation [17] in their respective operator
form as follows:

UiV e L,(AJ)U,.,, e L La)U
R U - L,(A:)L.(A:)U,- i

This series of operations has only first order accuracy. To eliminate
the effect of the order of operation, one should find the solutions
in the order from U 1,] to Un+§ , according to the following sym-

2 >

metrical order:
Ustt = L (AL (2L (AL, 2V
Then, second-order accuracy can be obtalned.
When operating at the point (1,J) using ﬁhe set of equations /

containing Equation [4], the maximum allowable time step size that
ensures stability is

for operating on Ly(At): an, < a4,/(le 8l + A (18)
for operating on L (at): A:.,.,<Mu/“" o) + ol (19)
where q-vx1x+ vyiy. Usually, the smallest values for At and

Aty in the field are taken to be the time step size foi’d the
1.4 entire field. Considering the non-linearity of the equations,

N



the actual step size taken is usually smaller than that specified

v by Equations [18] and [19]. As has been said before, by replacing

£ Equations [4] with [5], one can improve the stability of the difference
=L equations, and adequately increase the time step size.

In the following discussion, the first scheme will be referred
to as Method 1, while the second scheme will be referred to as _
Method 2. g

L . el RSN
B R

IV. ARTIFICIAL VISCOSITY

Computations indicate that, when we calculated in the cases
wit. stronger shock waves, the "mesh viscosity" inherent in bbth
Method 1 and Method 2 is insufficient. It is therefore necessary i
to introduce artificial viscoslity. We adopted the fourth-order :
resistance suggested in [U4]. For two-dimensional flow it takes

the form: ]
N, T ;
AU,.,), = ¢ Uzl = 2Pt ™ Pissi (U s= W+ Uiy _
(@b ‘+h-u + 29 + Pisi Voo ‘ ) (20) i
(o + Vs, )01/ 02
(8013, = a2 Lt (O = 21y 4 Vi)
’ (i + 1V, Das/ay (21)
where U represents the flow parameters (p,pVx,pvy), Cy and cy ﬂ

are selected coefficlents, and AU is a correction factor for
the flow parameters. The error introduced into the difference
equations by Equations [20] and [21] is of fourth order, 1.e.;
very minor.

Figure 3 shows the distribution of Mach number as calculated
by Method 1 for a one~dimensional contraction-expansion noggle
during excessive expansion. It 1s clear that the fourth-order
resistance has a negligible effect in the smooth region, while




— W_ — .

it lowers the peak value of the Mach number appreciably in the
vicinity of the shock wave, meanwhile maintaining a good
resolution for the parameters. Hence, the fourth-order resistance
provides a way for improving the difference scheme when applied

to the flow field with falrly strong shock waves. In our com-
putation, we have tried another kind of artificial viscosity that
has an even simpler form, namely

(_’.:.; = Ui + (Uisii + Uiersi + Uijar + Uiy = U, )/ (o + ¢) (22)

where U represents the flow parameters after correction; ®is the
coefficient of resistance. When one takes® 3 1/A (A is the smaller
of Ax and Ay), Equation [22] will not affect the accuracy of the
second-order scheme. While dealing with cascade flows with
appreciable shock wave, we have employed this form of resistance,
thus ensuring stability of our computation.

Figure 3.

Key: 1) exact solution; 2) Denton method; 3) fourth-order
resistance.




V. EXAMPLES OF COMPUTATION

1. NACA Subsonic Turbine Blade Cascade with 80° Deflection
Angle

Figure 4 shows the coefficient of pressure on the surface
as computed by means of Method 1 and Method 2 for the blade para-
meters and flow conditions given in Reference [5] for such a
cascade. In this figure, ¢ 1s the relative coordinate along the
direction of the chord, and the pressure coefficient s '2(Pi'p)/plv
where the subscript 1 denotes upstream, and P* and V are total
pressure and velocity, respectively. This figure also shows the
experimental results from Reference [5] and results obtained from
computations using the method of streamline curvature[G].

2
1

Figure 4. .
Key: 1) experimental values; 2) Method 1; 3) Method 2.

-

As compared with the experimental results, the results obtained
by Method 2 for the front edge of the blade back are improved over
those obtained by Method 1. It is obvious that agreement with the
experimental data is better for the results obtained using either

19
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 method than those obtained in Reference [6]. The upstream and -
downstream Mach numbers of the cascade and the downstream flow

angle 8, as calculated using these three methods are tabulated.

in Table 1. The values obtained using Method 2 has the smallest
deviation from the experimental data. In addition, the calculations
show that, even for this kind of subsonic cascade, there is still

a substantial différéncé,between the total pressure on the surface -
Pigure 5 gives a comparison - : : -3

and the total pressure upstream.
between the total pressure on the surface as calculated frém -

‘Method 1 and that calculated from Method 2. The deviation for - - i
the latter is very small. ' - : L)

1) blade back; 2) blade basln. 3) Method 1;

Key:
4) Method 2.

NACA Transonie Turbinz Blsdt caseadg with 95 D«:ﬁcﬁﬁioa ‘

2.
e Anglt
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exceeds the speed of sound. We used Method 1 and Method 2 to cal-
culate a case where the blade stagger angle 1is 28.1°. The pressure
coefficient on the surface is as shown in Figure 6. In comparison
with experimental data, the pressure coefficients given by Method 1
tend to be on the high side for both the blade back and the blade
basin. Better results were obtalned with Method 2. The values

for Ml’ M2 and 85 computed by either method are shown in Table 2.
Here again, the results obtained by Method 2 agree closely with
experimental data.

Table 1.
1 xwals) 2 5k 1 Sxu 2 (63
M, 0.319 : 0.326 0.317 0.319
M, 0.501 0.796 0.793 0.846
8, ) -58.2 ~57.2 ~-81.7 -58.4

Key: 1) Experimental Values [5]; 2) Method 1; 3) Method 2.

Table 2.
1 zma(s) L 2 nE 3582
M, 0.409 0.40 0.409
M, 0.943 0.95 9.947
s -53 ' -%.6 ~55.46

Key: 1) Experimental Values {5]; 2) Method 1l; 3) Method 2.
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3. RNACA Transonlc Turbine Blade Cascade with 95° Deflection
Anglie in the Presence of Shock Waves

The experimental results for thils kind of blade cascade at
high speeds as given in [5],show that shock waves appear in a
region at 20% chord length, causing a sharp drop in the pressure
coefficient in that region. The coefficient of pressure on the
blade surface as calculated by Method 2 is shown in Figure 7,
where Ecr denotes the critical pressure coefficlent. The arti-
ficlal viscosity used in the calculation is in the form given by
Equation [22]. We see that the position calculated for the shock
wave agrees bas}cally with that obtained experimentally. The profile
of the distribution of the pressure coefficient is in fair agreement
with the experimental data, but the values tend to be on the high

side.

VI. METHODS FOR INCREASING THE RATE OF CONVERGENCE

The above computational examples show that satisfactory
results are obtained by applying Method 2 to the compwu:ationr i the
transonic cascade flow field. However, 1t usually {ixes a great
many time steps before stabllity is reached if one adopts this
method. It 1s necessary, therefore, to increase the rate of con-
vergence so as to enhance computational efficiency.

In a certain sense, the time-dependent scheme is similar
to the relaxed methods used in solving boundary value problems
involving elliptical partial differential equations. 1In other
vords, no matter how the initial fleld is specified, as long as
it 1s compatible with the given physical problem, a unique stable
and constant solution can be found in due course. Hence, when
it is only necessary to solve for the stable, constant flow, the
time step size used in the computation does not have to be the

P oTmm e VT e i
- T P O R e i




same for every point in the flow field. One does not need to take
the smallest allowable time step size of the entire field as the
common time step size. Instead, one can use the local allowable
time step size to do the computation at each point in the flow
field. (In the time-splitting scheme, use the smaller of At
and Atyi ] at each point.) Thus, as time advances, the 1,J

2 instantaneous solution of the flow field will be dis-
torted. Yet,as asteady state 1s approached, the asymptotic solution
will be correct. The use of the maximum allowable time step size
at every point will greatly reduce the number of time steps required
before reaching the steady state. In our computations, we have
used this method to great advantage. Moreover, to further increase
the rate of convergence, we have used the method of gradually
reducing the size of the mesh unié. The approach has also reduced
time required for computation.

! Dable 3.

= L Tl 43 MARND AL DS
% Gh'sP - iy @ o0t A € e ot A1
f ENEanIn 1260 840 5804360
O Ui T 100% 7% 2%
4

g Key: 1) Same step size for all points, mesh unrefined; 2) local

i step size, mesh unrefined; 3) local step size,refined mesh
4Ox7+40x1l4; U4) steps required for convergence; 5) relative
value of computation time.

- Table 3 shows the effect of using the above methods to increase
B rate of convergence. The example used in the computation is that
of the NACA transonic turbine blade cascade with 95° deflection
angle and with blade stagger angle of 28.1°. Mesh was taken to be
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40x14. We see that a 35% reduction in the time required for
convergence 1s effected by using the local allowable time steps /129
instead of a common time step for all points in the fileld.

Refining the mesh once (from 40x7 to 40x14) and at the same time

using the local allowable time steps in the computations, has

cut down the time required for obtaining the steady state solution

to almost half of its original value. By using Method 1, taking

mesh to be 41x7, one can meet the condition of [(Vi" -VI)/Vi] <107 1
after 800 steps, in general. Computation time is 15 minutes on

the TQ-6 computer. The same degree of convergence can be achieved

by using Method 2 and refining the mesh once (from 40x7 to 40x14),
after about 20 minutes of computation.
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- A SURGE TEST OF A TWIN-SHAFT
‘ﬂ[ TURBOJET ENGINE ON GROUND TEST BED*

Chiang Feng
(Shengyang Aeroengine Company)

ABSTRACT

Instrument technique for determining the surge point of a twin-
shaft turbojet engine on a2 ground test bed 1s presented in this paper.
The effectiveness of two surge-inducing methods used in the test
is also described in the paper. A practical fuel flow step unit
is introduced and the surge point measurement and the trace analysis of
theengine operating point are discussed.

Typical oscillograms are given which were taken when the engine
was surging or not surging during the fuel flow stepping. When
the engine was brought into surging, the engine operating point
trace diagram was determined by a calculation method based on the
flow continuity through nozzle guide vanes of the turbine. This
diagram is the final result of the surge point determination technique.

I. INTRODUCTION

In order to determine the characteristics of inlet and engine /130
matching for more recent models of propulsion systems, one must
‘obtain the surge margin of the engine in cases with or without
distortions. The fundamental experimental techniques that need

'This paper was read during the Third Natlonal Meeting of the
Engineering Thermophysics Conference held in Kueilin in April, 1980.




to be studied first include surge 1nducemen£, determination of
the surge point and calculation of the parameters of the surge
point. Since we have had no previous experience in inducing
surge in a twin-shaft turbojet.engine that is capable of automati-~
cally preventing surge, we feel that an experimental study needs
to be carried out.

II. TESTS ON INDUCING SURGE BY VARYING AREA OF NOZZLE

Any means by which the flow out of the compressor exit can
be regulated may be used for inducing surge. The common methods
used to induce surge 1n'€dgﬁu5'¢nna ground test bed are of three
types: geometric, aerodynamic or thermodynamic regulation of
the flow. Some examples are: varylng the area of the nozzle and
that of the nozzle gulde vane passage, blowing air at the back
of the compressor or squirting water intoc the combustion chamber,
and using a fuel flow step unit. 1In our tests, we have chosen
to induce surge by varying the area of the nozzle, and by using
a fuel flow step unit.

From the principle of engine operation, we know that, by
rapidly reducing the area of the nozzle, we can cause the temperature
in front of the turbine to rise, and can thus possibly induce surge
in the high-pressure compressor. Variations in the nozzle area are
necessarily limited by the structure. We therefore turned to
the technique of an "aerodynamic small nozzle", in which the
actual nozzle size stays the same during reheating, while the
effective area of the nozzle is reduced rapidly by suddenly
increasing the reheat fuel supply, resulting in an increase in the
counter pressure behind the turbine. The tests were performed at
higher than 85% of rotational speed during small reheating. The
rate of reheat fuel supply had been increased to several times its
original value beforehand, and when the "nozzle" suddenly decreased




in area, the rotational speed of the high-pressure compressor
rapidly rose, and the exhaust reached a temperature as high as
950°C. However, after several trials, we were unable to induce
surge, while the temperature had increased to a value well above
the allowable limit.

There have been some arguments regarding the possibility of
inducing surge in the low-pressure compressor. To settle this
question, we constructed a large nozzle with an area equivalent
to 193% of that of the "largest" nozzle under normal conditions.
Many tests were performed, in which the nozzle area was reduced
and increased alternately for many times. The reheat was suddenly
terminated after it was turned on at reduced rotational speed,
and the speed was sharply reduced. All this was done to see if
surge could be induced when the operating point of the low-pressure
compressor underwent an abrupt change when the surge margin was
approached. However, the engine never surged in the range of 80-
100% of rotational speed. Measurement of the low-pressure com-
pressor operating line has shown that the shift on the operating

line, produced by doubling the area of the nozzle,was very small;
the surface pressure behind the turbine had alreddy decreased to

zero. When the low=-pressure rotational speed was 100%, the high-
pressure rotational speed was 88%; the exhaust temperature was

as low as H30°C; In summary, we were not able to induce surge by
introducing a maximum possible mismatch between the high-pressure

and low-pressure rotational speeds to vary the flow in the low-
pressure compressor. The above two tests of varying the nozzle

size have indicated that the twin-shaft engine has a high capabllity
of preventing surge. Changing the area of the nozzle within the
limits of allowable testing temperatures and structural conditions
did not result in surge of the engine during equilibrium or transient
operation. The surge allowance for the high-pressure and low-pressure
compressors on a ground test bed was much larger than that required
when the engine underwent abrupt changes in conditlions. There was




only one thing that was unusual, viz. when the rotational speed
was increased at the same time reheat was turned on for the large
nozzle at low rotational speed, a strange noise emanated from the
engine when the low-pressure rotational speed was in the 88-82%
range. However, no stall signal was found on the oscillogram

for the static pressure behind the two compressors. This noise
was analyzed and believed to have arisen from the vibrations of
the rotating blades in the first stage.

o A S et

ITI. SURGE INDUCEMENT USING FUEL FLOW STEP UNIT

VL e S G P

Fuel flow stepping is the process of suddenly squirting
into the combustion chamber an extra Jet of fuel for over 0.4
seconds, at a stable rotational speed. It is the main technique
for inducing surge in the engine by the sudden thermodynamic 1
flow regulation in the nozzle guide vanes of the turbine. Figure 1 3
shows the principle of inducing surge in the high-pressure com- 1
pressor using fuel flow stepping.  When the fuel flow step i
amount 6GR is at a certain value, any fuel flow stepping rate 3
f-dGR/dn that is higher than fA will cause the engine to surge 3
at a certain rotational speed in the range (nA-nB). 1

Figure 1. Principle of surge
inducement by fuel flow stepping. 0 @.n;

ol

. Key: 1) fuel flow amount; 2) surge
margin; 3) operating line; 4) fuel
flow step amount; 5) fuel flow step- 1‘;;;7‘
ping rate; 6) rotational speed of the
high-pressure rotor. E
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The higher the fuel flow stepping rate, the lower the rotational
speed at which the engine will be brought into surging. At the same
fuel flow stepping rate, the larger the fuel flow step amount.

the higher the maximum rotational speed n, at which the englne

can be brought into surging. Upor fuel flow stepping, the high-
pressure compressor stage that first goes into surging produces
forward impact waves in a manner similar to a flow regulating valve
that is suddenly shut off. This brings the upstream stages into
surging, one after another. Therefore, the low-pressure compressor
always goes into surging a short moment after the high-pressure
compressor starts to surge. Based on this principle, we have,
after repeated modifications, successfully constructed a fuel step
unit that 1s suitable for the twin-shaft engine.

The system in question was built by modifying and putting
together two ground refuelling pumps and the main fuel regulator
of an engine. It also has an electric control box, that automatically
controls the fuel flow stepping time and the beginning and termination
of engine surging. Before fuel flow stepping, the two pumps were
allowed to operate at full speed for a brief moment, and the pressure
was adjusted to over 90kg/cm2. When the switch to the fuel step
unit was turned on, the system injected all the fuel from the purps
into the main fuel 1line of the engine. Thls enabled the engine to
- surge at below 75% rotational speed. By modifying the main pump
- regulator, we were able to increase the fuel flow step amount to
| over two and a half times its original value, and the rotational
speed at whi¢h the engine can be reliably brought into surging
s reached 97%. These were the measures taken: The driving axle
| of the centrifugal pendulum of the rotational speed regulator was
removed to eliminate the fuel reducing action in the process of fuel
slow stepping. The high-pressure fuel was fed from the distributor
to the right chamber on the slanted-disk valve via branch lines
I and II (without throttle control). All the extra cavities and
openings along the passage of the high-pressure fuel were blocked,




the control for limiting pressure increase was shut off, and the
fuel in the left chamber of the valve was let out into the atmos-
phere so as to effectively increase the acceleration of the slanted
disk toward the left. 0.15 to 0.2 seconds after the fuel flow step
unit was turned on (when we also had to change to the highest
shift). The fuel flow was stepped up to its maximum value, during
which time surge was induced. The fuel flow stepping was kept

on with a timed current control for 0.4-0.5 seconds, after which
the fuel flow was automatically cut off, and surging was stopped.
Figure 2 shows the variation with time of the fuel amount during
fuel flow stepping.

Figure 2. Fuei amount during
fuel flow stepping vs. time
curve.

Key: 1) relative fuel flow
amount; 2) time(second).
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IV. MEASUREMENT S£T-UP

Figure 3 is a schematic diagram of the testing system. The
testing probes for the equilibrium and transient operations are /132 |
arranged in such a way that the transient system can be corrected
against the equilibrium system. The Pitot tube and the probe for
measuring the transient total and static pressure difference
are installed in the measurement section of the inlet. The sensors
for total pressure, static pressure, and total temperature are
placed at the exits of the low-pressure and high-pressure compressors




and behind the turbine. The transient pressure is measured by
means of a high-frequency-response solid pressure pick-up.
Measurement accuracy is increased by the use of a system that
contains no resonators, and by regional amplification. The
transient temperature is measured with a low-inertia thermocouple.
When this 1s compared to the pressure signal, there is a delay

of 0.1-0.2 seconds. The amount of fuel flow 1is calculated from
values obtained for the transient pressure in the main and auxi-
liary fuel lines. The transient fuel flow amount is corrected
against the equilibrium fuel flow amount measured on a ground
test bed. All the parameters of the transient state are recorded
with two oscllloscopes and one magnetic tape recorder. The equili-
brium pressure 1s recorded with the SYD-1 and XJ-100 testing
equipment. The rest of the parameters are measured using the
test equipment_that comes with the test bed.

Figure 3. Diagram of the testing system.
Key: 1) Pitot tube.

Note: ap: probe for measuring transient total and static
pressure difference;

p;,px,T;: total pressure, static pressure and total temperature

at exit of the low-pressure compressor;

pg,pz,ng total pressure, static pressure and total temperature

at exit of high-pressure compressor;

pg,pu,Tﬂ: total pressure, static pressure and total temperature

at exhaust.




V. SURGE

When the fuel flow step unit is turned on at a chosen
equilibrium rotating speed (called the starting condition for
surging), one immediately sees a flare of orange-red flame at the
tallpipe of the engine. A4t the same time, single or multiple
booms are heard. The vibrational energy of the surge is enormous,
éspecially in the range of 85-90% of rotational speed. One can
feel the vibrations in the control room and even in other more
remote parts of the plant. These earthquake-~like vibrations
have caused nearby test parts to drop to the ground, and have even
upset a stand for hanging weights that weighs several tens of
kilograms. It is obvious that the surge should not be allowed
to last for a long time, and 1ts danger and destructive ability
should be taken into account.

Figure 4. Variations in parameters
before, during and after surge.

Key: 1) time(sec).

Note: : pressure in the main
fuel line;
pressure in the
auxiliary fuel line;
rotational speed of
the low-pressure rotor;
rotational speed of the
high-pressure rotor;

C: surge point;
px,p5: same as Figure 3.




Figure U4 shows two diagrams that are typical of the recorded
curves for the 42 surges in our tests. These diagrams show the
varlations in parameters before, during, and after the engine
surge as well as the surge characteristics. The essential points
are summarized as follows:

1. The entire process of surge inducement by fuel flow
stepping takes place in a very short time, about 0.5-0.7 seconds
only. Thus any damage to the engine blades or other structural
elements will be minimal.

2. Because of the high rotational inertia of the high-pressure
and low-pressure rotors, there is only a small sudden increase
in rotational speed that does not exceed 3-4%. This sudden rise !
in rotational speed 1s mainly related to the rate of fuel flow ;
stepping.

3. It takes about 0.03-0.10 seconds for the exit pressure
of the high-pressure and low-pressure compressors to rise from
the equilibrium operating point to the surge point. This corres-
ponds to an acceleration much higher than that of a normal engine.
Whether the sharp increase in the angle of attack will cause dif-
ficulty in the determination of the surge point has been one of

our concerns. This possibility has been dismissed after some
analysis. Any appreciable stalling or delay usually occurs when
the rotating blades sweep over the edge of the region of distortion,
causing an abrupt change in the angle of attack. This takes place
in the range of time during which the rotor has made a function

of a revolution (0.5x10™3 - 0.6x10"3 sec.).

4. Before the high-pressure compressor starts to surge,
there always appears a rotating stall wave. During the peaking
of the wave, the average value of the compressor exit pressure
keeps rising for a period time and then suddenly drops, whereupon




the engine starts surging. Some stall waves are divided into two

parts, with a very short rest period in between. The first part

is only accompanied by stalling, while surge occurs during the

second part. Hence, stalling presignifies high-pressure compressor /1
surge. This conclusion from experimental tests has a great

significance for this type of engilne. It provides the condition

b based on which a system containing a stall alarmand surge while

still in the stage of rotational stall, by controlling pulsed

fuel supply, and thus avoiding a breakdown during flight.

(V1)
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5. The low=pressure compressor surge results from the impact

wave generated by the high-pressure compressor surge. The surge
;;% point of the former 1s delayed by about 10 milliseconds with

) respect to that of the latter. No stalling has occured before,
during, or after the low-pressure compressor surge.

6. The number of peaks in the surge wave varies with experi-
mental conditions. In the 42 surges, the majority of surges
contain only one peak accompanied by & single boom. There is
' a considerable number of double-peak surges (accompanied by
' double booms). Only one multi-peak surge has been observed,
and that was caused by a prolonged fuel flow stepping time. The
surge peaks are separated in time by a period of about 0.1 seconds.
In other words, the frequency of vibration of the axial flow arising
from the surge (which takes the form of forward impact waves and
backward expansion waves) is 10 hertz.

VI. STALLING

When the fuel flow stepping rate is small or when the fuel
step amount is insufficient as required by the rotational speed,
the engine rapidly accelerates but does not go into surge, as
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shown in Flgure 5. From this, the engine operating point trace
diagram can be calculated for the condition of maximum acceleration,
and used in the determination of the surge margin. The oscillograms
show that during the rapid acceleration, the exit pressure of the
high-pressure compressor has twice shown progressive type stalling.
From this and the stalling that occurs before a massive surge,

we conclude that there exists a stall margin beneath the surge
margin of this high-pressure compressor that can be determined

by slowly bringing the engine into surge. The stalls that occur

at two places 1in the curve are not accompanied by jets of fire

or booms, nor is there any appreciable amount of low-frequency
vibration, and all parameters of the oscillogram keep rising steadily
during the stalls. This proves that surge and stall are two dif-
ferent physical phenomena and should not be confused.

Figure 5. Oscillogram for fuel
flow stepping during which surge
was not induced.

Key: 1) time(sec).
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VII. DETERMINATION OF ENGINE OPERATING POINT TRACE DIAGRAM

Fuel flow stepping is a transient process during which the
parameters undergo sharp changes. Whether or not the engine 1is
brought into surge, the problem of engine operating point
determination 1s more complicated than without fuel flow stepping.
Although methods for solving sets of differential equations based
on volume dynamics seem attractive, they are nevertheless too
tedious when applied to the experimental data. The pressure ratio
surge allowance determined from the experimentally measured
pressure increase ratio vs. rotational speed relation can be
conveniently used in ground test calculations. However, it will
not be as easy to obtain the relation between the amount of air
flow and the pressure increase ratio (or rotational speed)
because of the low accuracy for the direct measurement of the
instantaneous air flow. Therefore, a method based on the flow
continuity through the nozzle guilde vanes of the turbine 1is
recommended in [2]. Although the computer program for this method
is long and involved, the method has been chosen because it 1is
the "most accurate" method for determining operating lire deviations
during sudden changes in the engine. We have thus written an
ALGOL-60 program and used it to make some initial calculations
for the surge line and the parameters for the surge point.

Based on our present test conditions, the experimentally
measured parameters that can be used in the calculations for
the transient state are fuel pressure, pressure at the inlet and
exit of the compressor, and rotational speed. As the time constant
of the thermocouple used for temperature measurement 1s too large,
the temperature has been determined from calculations rather than
actual measurements. The effects of engine volume dynamics and
rotational inertia have been neglected. The efficlency character-
istics are assumed to be the same for the entire engine as well
as for each individual compressor. During the instantaneous changes,
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the law of flow continuity is assumed to hold true for each
section. On the basis of the above conditions, the computational
steps are given as follows: At a certain instant during fuel

flow stepping, the inlet flow amount and the exit temperature

of the low-pressure compressor are given the assumed initial values
G0 and T; . Then, the actually measured exit static pressure Py

is used to obtaln the total pressure and the stagnation pressure
increase ratio nﬁ.dy. The efficiency and the exit are determined
from known low-pressure compressor characteristics, and the temper-
ature TA; is calculated. The inlet flow conversion is obtained

for the high-pressure compressor, and the pressure increase ratio
"k.gy is calculated from the measured exit total pressure pg . The
exlt temperature Tg is obtained from the efficiency given in the
high~-pressure compressor characteristic curve. The temperature

T§ in front of the turbine is then calculated from the instantan-
eous fuel flow amount determined from the actually measured fuel
pressure. The amount of air flow G4 that 1s allowed to pass is
calculated by solving the equation of flow continulity of the

nozzle guide vanes of the choke. 1If Gd equals the initially
assumed value GO for the low-pressure compressor inlet flow,

and at the same time the caluclated temperature value TA; is

equal to the assumed value T; s then the computation for that

point 1s completed. Otherwise, the iterative substitution is
continued until both of the above conditions are satisfied. If we
dividie the duration of the fuel flow stepping into time steps

of 0.01-0.02 second each, and repeat the above calculations for
each computational point thus formed, the trace diagram can be
readily obtained for the operational point. If this is the surge
line, then the values of the last point are the surge point para-
meters. Computed examples are given in Figures 6 and 7. The surge
allowances for the pressure increase ratio at equal flow for the
high-pressure and low-pressure compressors are respectively 8.9%
and 10.3%. This 1s fundamentally in agreement with experimental
data. The surge margin obtained by computing for several surge
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points has a reasonable tendency, and agrees on the whole with
experlimental results. These curves are glven in the test reports
on inlet flow distortions of said engine, and will not be dupli-
cated here.
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Figure 6. Surge line for the low-pressure compressor.
Key: 1) surge point.

Note: =¥ 1s the relative stagnation pressure increase
5&910 of the low-pressure compressor;

EBl Ks is the inlet relative conversion air flow of
* the low-pressure compressor.

. The purpose of this paper is to obtain via an experimental
study, technical methods for surge-inducement, surge measurement
and surge point determination that can be effectively applied to
a twin-shaft turboject engine on a ground test bed. Thé primary
purpose has been achieved herewith. Any imperfections that exist
should be taken up in future studiles.

The following comrades also participated in fhe experimental
work: Liu Chi-ch'en, Chou Yu-wen, T'en Shou-chen, Chiang Hsun-yi
and Shih Yeh-lin.
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Figure 7. Surge line for the high~pressure compressor.
Key: 1) surge point.

Note: ?k is the relative stagnation pressure increase
*8Y ratio of the high-pressure compressor;

GBx ks is the inlet relative conversion air flow of
* the high~pressure compressor.
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EFFECT OF BLADE STAGGER ANGLE ON PERFORMANCE OF A
TRANSONIC COMPRESSOR WITH LOW HUB-TIP RATIO#

Chao Shih-ch'un
(Shenyang Aeroengine Research Institute)

ABSTRACT

The effect of blade stagger on the performance of a transonic
compressor with low hub-tip ratio 1s presented in the paper. Because
the original single stage compressor failed to achlieve the design
target, tests were conducted on the compressor with blades twisted
and with the stagger angle reduced. The results of these tests
indicate that at the design speed and mass flow, the pressure ratio
is 1.339, the efficiency is 0.864, which is 2.2% better than the
design value and 5% better than that of the original single stage.
At the same time, the discharge total pressure and temperature pro-
files are improved substantially. The unevenness of the total
pressure profile decreases from 18% to 7% and that of the total
temperature from 53% to 18%. The operating point of the compressor
has been moved from the left branch to the right branch of the
characteristic line and is located in high efficiency region.

I. INTRODUCTION

The single stage in question in a transonic compressor with
low hub-tip ratioc. Experimental results show that: satage torque
efficlency n;-0.82 which is lower than the design value by 2.8%.
The unevenness in the pressure field and temperature field of the
stage exit is 18% and 53%, respectively, which is far from meeting

1;513 paper was read during the Third National Meéting of the
Engineering Thermophysics Conference held in Kueilin during
April, 1980.
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the design requirement. The experimental operating point lies in
the left branch of the characteristic line. Because of the
presence of vibrations in the test sample, we did not carry out an
experiment on surge margin.

Because this single stage did not meet design requirements, the
performance of the entlire engine was affected. In order to improve
the performance of this first stage, in addition to the tests done
on this stage, we also carried out tests in which the rotating
blades were twisted (0-3.5°) along the line from the average radius
to the blade tip, or the stagger angle was reduced by 3° ( with
the blades twisted). We shall refer to these two types of tests as
twisted-blade tests and reduced-stagger angle tests, respectively.
Experimental results show that, after the adjustments, the single
stage was able to meet design requirement, there was marked
improvement in the pressure field and temperature field of the
stage exit. The operating point was shifted to the right branch
of the characteristic line. The above results haye provided a
basis for the design of the first stage.

II. AERODYNAMIC DESIGN

Following is a brief account of the design of the single stage.
Parameters of the design point:

Relative air mass flow W=1.0

Pressure increase ratio R=1.34

Efficiency =& =0.845

Relative Mach number of blade tip Mt-l.zou

Hub-tip ratio d=0.385

The shape of the passage approaches that of equal mid-radius.
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Figure 1. Flow diagram for the stage :
passage. .
Key: 1) air flow. @ =

The stator and rotor both have a double-arc blade shape.

The gradlients of enthalpy and entropy have not been taken into
consideration in the design. Rather, we followed the design rule
of maintaining isentropic conditions, constant work and constant
annular quantity along the radial direction. The basic equations
are the same as those given in Reference [2]. The radial equation
of balance is:

dr OH _ 1y 8\ _veXogr) ,, O
"'a—,‘-‘(a, Ta,) r o * e

The conditions of isentropy, constant work and constant annular
quantity can be used to simplify the equation to:

g »”

[ Gt (i = S350 .
1o 20z o L + !‘——;M Crisv=r4)

AR =

In the shove equation, y'=dr/dz is the slope of the streamline,
and y"-dzr/dz2 is the second derivative of the streamline. The
subscripts i{-1 and i denote neighboring borders of the upper and
lower flow pipes, i=1,2,....,11.
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In the computation, assumed distributions of streamlines
and Mach numbers are taken as initial values from which the
distribution of Vi is found. The successive approximation
is carried on until the chosen values agree with the computed
values. Actually, in the design of this single stage, the Mach
number used 1s that obtained from solving the simple radial equation
of balance, and y' and y'' have been obtained by approximate methods
of calculation.

The velocity distribution along the axlial direction has been
obtained by first solving the simple radial equation of balance,
then modifying the results on the assumption that the streamlines _
are sine curves. :

The shaping has been done by applying analytical methods to a
cylindrical surface. First, the blade angle 1is found on the
conical surface. Then the blade section angle is found by geometrical
projection on the ¢ylindrical surface.

tan apy . angle T 2B %1, sec.angle * ©°5 €

where ¢ is the angle between the velocity and the axial line in
the meridian plane.

III. TESTS, RESULTS AND ANALYSIS

The compressor under test has a given power of 4000 hp and
a given output rotational speed of 11175 rpm.

The test sample 1s a single stage transonic compressor.




The measurement set up is as shown in Figure 2.

Rotor inlet: p* and p in the passage and the static pressure
of the outer wall are measured. ]

Rotor exit: Only the static pressure of the inner and outer
walls in the passage 1is measured.

Stage exit: The radical distributions of p*, p, a, and T¥
in the passage and the static pressure on the inner and the outer
walls are measured. The accuracy of the meters is as follows.

rotational speed N $0.2% inlet temperature Ti +0.7°C

mass flow W $0.5% exit temperature T§ $1°C
torque M <tl% air flow angle t1°
pressure p +0.3-0.5%
D
1—1 #%
ofd
’.
y
ss ‘ =
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Figure 3. Characteristic lines
of total performance of the
single stage.

Figure 2. Placement of probes Key: . .

y: 1) design; 2) experimental;
at inlet and exit. 3) twisted—bla&e; 4) reduced- 1
Key: 1) cross-section; 2) harrow. stagger angle.
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Figure 3 gives the characteristic lines of the total performance
of the single stage for different stagger angles. The curves N, =10
indicate that a design speed the twisted-blade arrangement has
improved performance. Comparing the reduced~stagger arrangement
with the original design, the mass flow at the choke point is
reduced by 3.7%, and the operating point approaches the optimum
point. The pressure ratio line is shifted toward the lower-left
part of the dlagram, and is in agreement with the design values.

The efficiency line is shifted toward the upper-left part of the
diagram, and is higher than the calculated envelope. The pressure
ratio is 1.339 for Wcorr=1.0, and meets the design value; n;-o.asu
is higher than design by 2.2%, and the engine operates in a region
of higher efficiency.

Figure 4 gives the radial distribution of the inlet parameters
for Wcorrsl'o under different stagger angle arrangements. At
design rotational speed and mass flow, tests on the original design,
the twisted-blade arrangement and the reduced-stagger angle arrange-
ment show that the flow field is uniform at the rotor inlet, and
the radial distribution of ﬁl, x; and B; agrees with the design
values, except that along the 5% streamline, xl and ﬁl are a little
higher than design. The amount of variation of the angle of attack
along the radial direction is on the high side. 1In the reduced-

stagger angle tests, this amounts to 3-6°.

Figure % shows the radial distribution of the flow field at
the stage exit. The values_of x3 for the original design and the
twisted-blade arrangement differ appreciably from the design values,
whilg 13 for the reduced-stagger angle arrangement is close to the
design. The radial variation of the exit air flow angle agrees with
the design in form, but is about 2° higher in magnitude.

R T
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if: Figure 4. Radial distribution of inlet parameters for 3
5<;. : wcorrsl‘o under different stagger angle arrangements.

s Key: 1) design; 2) experimental; 3) twisted-blade; 4) reduced-
R ‘stagger angle. :
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Figure 5. Distribution of flow field at stage exit.

Key: 1) design; 2) experimental; 3) twilsted-blade;
4) reduced-stagger angle.
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Figure 6. Radial distribution of blade performance parameters.

Key: 1) design; 2) experimental; 3) twisted-blade;
4) reduced-stagger angle.
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Figure 6 shows the radial distribution of pressure ratio,
temperature rise ratio and efficlency for the original single stage
design, the twisted-blade arrangement and the reduced-stagger angle
arrangement.

The diagrams show that the twisted-blade arrangement has an
obvious effect on the performance of the compressor and the flow /;59
field at the exlt. For a twist of 39, in the 15-75% streamline
region, the pressure ratio exceeds or is close to the design value
of 1.34, and the efficiency exceeds the design value. However,
the values at the blade root and the blade tip remain below designed
values.

In summary, the original single stage has the following problems.
na=0.82 1s below design. There is high unevenness in the stage exit
pressure field and temperature field along the radial direction,
which is 18% and 53%, respecEively. The pressure ratio is low
in the root region, where R =1.26 on the 5% streamline. Mass
flow at the choke point is on the high side; operating point is on
the left branch of the characteristic line. The tests with the
blades twisted and the stagger angle reduced by 39 show that the
performance of the single stage is greatly improved. For wcorr'l‘o’
R#*=1.339, ,3=0.864; stage exit pressure field is reduced from 18%
to 7%. The total temperature field is reduced from 53% to 18%.

The pressure ratio on the 5% streamline is increased to 1.28.

The characteristic line is improved. The operating point 1s shifted
to the right branch of the characteristic line, and the engine
operates in the vicinity of the high efficiency point.

We analyze the tests conducted on the compressor with the blades
twisted and the stagger angle reduced by 3° as follows. After the
stagger angle has been reduced by 3°, the performance of the single
rotational speed and mass flow, the pressure ratio is 1.339, efficiency
is 0.864 which is higher than design by 2.2%, and the efficiency is
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higher by 5% than that of the original design. The twisted-blade
reduced-stagger angle arrangement causes changes 1in the work done
in the cascade channel,which in turn causes a redistribution of

the velocity fleld. As a result, there 1is an obvious improvement
in the stage exit flow field. The unevenness of the pressure field
and the temperature field along the radical direction shows a
marked decrease, with p¥* dropping from 18% to 7% and T¥*, from

53% to 18%.

The change in the blade stagger angle causes the cascade
channel throat section to shift backward. The operating point of
the blade row is changed accordingly. The characteristic line
shifts toward the left. Compared with the original design, the
mass flow at the choke point is decreased by 3.7%. Moreover,
the location of shock waves at the root region is also changed,
resulting in a reduction of loss. Hence, the efficiency at the
root 1s increased and the operating point of the stage 1s located
near the high efficiency point.

For the purpose of analysis, we give in Figure 7 the radial
distribution of rotor blade performance. Figure 8 shows the

relation between the parameters and wcorr.

!
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Figure T(a). Distribution of primary performance of rotor
blade.

Key: 1) design; 2) experimental; 3) twisted-blade;
4) reduced-stagger angle.
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Figure 7(b). Variation along the radial direction of
D, w, §dand AB of the rotor.

Key: 1) design; 2) experimental; 3) twisted-blade;
4) reduced-stagger angle.
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On the 5% streamline in the blade root region:




Because of the small hub-tip ratio of the single stage
(d=0.385), the tangential velocity at the root region is low,
the turn at the root 1s shearp, and the gas turns with difficulty. /141
5 The work done, the pressure ratio and efficiency are well below
. d design values. Figures U4, 7 and 8 show that the 9.5° design angle
| of attack deviates from the optimal angle of attack for the hyper-
bolic blade shape, so that the root reglion operates in the separation
region and the vortex region, and the diffusion factor and the loss
coefficient are large. The computations show that the tolerance
coefficient is small at the rotor root fegion. A/A%=0.96-0.97,
causing choke, resulting in increased 1loss. Mv =0.87 for the stator
root region, causing the root region to operatex2 above the critical
s conditions. The loss is large, with c;=0.95. Hence on the 5% stream-
line, the pressure ratio reaches 1.26 and the efficiency is 0.67. /142
After the blades are twisted and the stagger angle is reduced by
3°, the additional work required 1s reduced for the rotor blade
row. DBecause the angle of attack 1s reduced by about 5°, there is
an appreciable decrease in the pressure ratio, and an appreclable
improvement in loss. The diffusion factor and the loss coefficient
approach design values. The efficiency of the rotor is 0.89. There
is no improvement in the calculated value of (A/A*)h. Therefore,
the increase in efficiency of the root region is chiefly attributable
[ to the reduction in inlet angle of attack, and secondly to the back-
‘i ward shift of the throat section with the resulting change in location
i of the shock and a reduction in loss.

On the 15% streamline near the blade root region:

; The angle of attack on this streamline is smaller than that

? of the original design by 3.6°. The deflection angle and lag angle
are also reduced. The pressure ratio is below design value. This
streamline i1s almost free of the effects of the root region, and 1s
closer to the design conditions. Therefore, neither D nor w is large,
approaching design values. n;d-0.90.

51




On the 55% streamline in the average radius region: i

Figure 9 shows that, when only the stagger.angle 1s changed,
while the other geometrical parameters are kept the same in the
i blade row, the pressure ratio does not drop much, but the efficiency
is appreciably improved. This is mainly because the angle of attack
of the rotor blade 1s closer to design and loss 1s reduced. Figure
7(b) indicates that when the stagger angle is reduced, 48, &R are
reduced, and the pressure ratio is lowered. On the other hand,
the angle of attack selected in the original design was too high
by 4° approximately, and D and ER‘are large. If one can reduce
the angle of attack, then the loss 1s reduced and D and w are appre- :
RN ciably decreased. Figure 8 shows that the stator blade has a small
i loss; o§=0.995. Hence, both blade rows operate under better condi-
tions, and the rotor efficiency reaches 0.92.

Figure 9. Relation between
stagger angle and R* and “;d
of rotor.

Key: 1) design; 2) experimental; -
3) reduced-stagger angle.
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On the 95% streamline in the blade tip region:

After the stagger angle is reduced by 3°, there is an appreciable
reduction in A8 and $p- The angle of attack of the tip section is
reduced by about 6.5°. There is a relatively large decrease in R¥.

At the same time, the angle of attack deviates from the optimum.
Operating under the condition of negative angle of attack results
in an increase in loss. In addition, there are shock and surface
layer and second-degree flow losses that increase D and w. n;=0.98
for the stator. Therefore the tip region has a low efficiency of
0.73.

The reasons for increased single stage efficliency after a 3°
reduction in stagger angle can be summarized as follows. (1) The
tests show that, after a 3° reduction in stagger angle, the angle
of attack is close to optimum in the region between 15% and 75%
streamline along the height of the blade. D is less than 0.40.

On the 15-75% streamlines, @ is less than 0.10, which is close to
design. The average efficiency of the rotor is 0.89. The root

and tip reglons operate under less favorable conditions and still
have relatively low efficiency. (2) When the other geometric para-
meters of the cascade are kept the same and the stagger angle 1is
40-700, there 1s not much decrease in the pressure ratio. However,
because of reduced loss, there is an obvious increase in efficiency. 3
Figures 6 and 7(a) show that the variation of R*® and 6*along the
height of the blade tends to be uniform and approximates the varia-
tions under the condition of constant work. This is close to the
design condition. There is also an increase in ";d‘

IV. CONCLUSION

1. The test performed with the stagger angle reduced by 3°
show an appreciable improvement in the performance of the single /14
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stage. At the design rotational speed, the pressure ratio is
1.339. The efficiency is 0.864, higher than design by 2.2%.

There is substantial improvement in the stage exit pressure field
and temperature field, the former dropping from 18% to 7% and

the latter, from 53% to 18%. The characteristics are fine. The
operating point has shifted from the left branch to the right
branch, and 1is c¢lose to the high efficlency point. '

2. .Some problems that exist in the reduced-stagger angle
tests are: The tip region of the rotor has a negative angle of
attack; the root region of the rotor has a small tolerance
coefficient, A/A%* < 1.0; the root region of the stator has a high
Mv , and operates above the c¢ritical condition.

Z2

3. We suggest the following measures for improvement:

(a) increase the hub-tip ratio or increase the tangential velocity
in the root region. (b) Make appropriate adjustments in the choice
of blade sectlon parameters. For the double-arc blade section
with ﬁt-1.20, we recommend a 0-2° angle of attack for the blade
tip, 3-4° for the middle section and 4-5° for the root. (c¢) In
order to reduce or eliminate choke in the root region so as to
increase the efficiency, a certain density has to be ensured.

We recommend taking A/A*-l.ou-l.ostu]. (d) Use the multi-arc blade
section for the root region of the stator, or use the double-arc
blade section with appropriate adjustments in the parameters.

NOTATIONS

A/A* ratio of actual area to critical area
C chord length (meter)

D diffusion factor

d hub-tip ratio

g relative air flow angle (degree)
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enthalpy

deflection angle (degree)

angle of attack (degree)

blade stagger angle (degree)

Mach number
lag angle (degree)

rotational speed (rotation/minute)
stage torque efficiency

p*(p) total (static) pressure (kg/cmz)

“;d stage insulation (temperature rise) efficiency

R pressure ratio

™ _total temperature increase ratio

r radius (meter)

o density

s entropy

o* total pressure recovery coefficient

T temperature

w coefficient of total loss

tm maximum relative thickness

A velocity coefficient

v absolute velocity (m/sec)

W mass flow (kg/sec)

z axial distance (meter)

e absolute air flow angle (degree)

SUBSCRIPTS

ab absolute ad adiabatic
av average corr correlated
h blade root m meridian

s stator ' ST stage

t blade tip R rotor

relative
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r,z, o denote radial, axial and tangential, respectively
1,2,3 denote rotor inlet, rotor exit and stator exit, respectively.

SUPERSCRIPTS

* stagnation or total
*% in the direction of the total pressure .
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THE STAGE MATCHING PROBLEM AND OPTIMIZATION ANALYSIS
OF MULTI-STAGE TURBINES*

Ke Man-ch'u
(Institute of Engineering Thermophysics, Academia Sinica)

ABSTRACT

On the basis of the three-dimensional flow theory developed
by professor Wu, the matching between turbine stages 1s discussed.
The correlations of areas ratio, Mach number, vortex and angle of
gas flow, as well as the correlations of expansion ratio, vortex
and relative choke ratio are derived. We have obtained the change
in performance of turbine stages affected by the position of the critical
section. Moreover, we can control the performance of every stage of
turbines and match the performance of every row of blades by arranging
relative choke ratio effectively. From the calculation it is seen
that when the position of critical section shifts to the following
stage, the preceding stage performance becomes bad. When the
stationary and rotating blades belong to the profile shape of the
same type and the relative choke ratlo of stationary blade row is
equal to that of rotating blade row, the turbine stage efficlency is
the highest. ‘

On the basis of the theory of three-~dimensional flow in
blade~turbine systems, we derived the equation .relating the design
parameters and the flow parameters, and arrived at some useful
conclusions from our computation of multi-stage turbine performance.
The results of computations show that, by controlling the relative
choke ratio of each section, one can effectively control the shape

.This paper was read during the Third National Meeting of the
Engineering Thermophysics Conference held in Kueilin during
April, 1980.




of the blade passage of the various stages and allow the various
stages to operate at their highest capability. High efficiency
can thus be obtained, the highest efficiency being obtained when
the relative choke ratio approaches 1.

1. Equation Relating the Design Parameters and the Flow
Parameters

dFy/dF; = [1 = $(M1) vV £g RTsin Br/Hg.)
+ 4}/ 2Hg J1 (M w Y=~ f( M)

R TR O BN . Lert s

in which

(M) = M/(1+ (s — DM*2]4

(M) =M/ /14 (s —1)M/2
a=(+1)/2(s—1)

my = [Hy/(H, + {(Mw,)sin 75 Vg RTw
V1 = (2(M) v sg.RT sl f; + )/ 22.JH/8.]
— W M)V g RTdn i/ g.] + 83/ g.]) 1" Vge==n)®

2. Critical Section and Choke

One of the most effective ways to increase the enthalpy drop
in the single stage turbine is to employ transonic turbines. With
the emergence of the transonic turbine, one must take into considera-
tion the positioning of the critical section. When choosing the
position of the critical section for a multi-stage turbine, cne
has to consider the combined effect of the performance of every
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single stage, the efficlencies of the various stages, the matching
of the various stages and their performance under varied operating
conditions. If the critical section is placed in the first stage
at the throat, then the merits of the first stage can be fully
utilized. Good performance of the following stages can then be
ensured by proper stage matching. If the critical section 1is
placed in one of the following stages, then the performance of

the preceding stages will be restricted. For example, in our
computations for a multi-stage turbine, we found out that, if

the blade stagger angle was reduced by 2° 1in the third stage turbine,
the critical section was shifted to the third stage, and the per-
formance of the two preceding stages dropped. The total expansion
ratio'of the firgt two turbines dropped from 3.2 to 2.77, and the
maximum enthalpy drop was lower than 90% of the design value.

If one continues to increase the reverse pressure, one only
increases the load in the following stages without increasing

the load in the preceding stages. This is not desirable in turbine
design. The equation given in thils paper can be used to find the
ratio of passage area that will not cause choke to occur too early
in the following stages under given conditions for the blade section
angle and the Mach numbers for the various sections, thus avolding
undesirable results. In order to be able to quantitatively
determine the extent of choke at the critical section and at the

- various other sections, we recommend the use of the concept of

choke ratio and choke tolerance. Choke ratio 1s the ratio of the
extent of choke of a certain blade row section to the critical value.
The choke tolerance can be used to determine the flow condition that
each blade row should be in. When it is required to have a large /16¥
expansion ratio in the first stage, 1.e., the first stage is to be
highly transonic, then the following stage should have a large choke
tolerance. Otherwise, choke will occur prematurely in the followling
stage and the first stage will not attain the desired expanaion
ratio. If, on the contrary, the first stage has a large choke
ratio, then the load on the first stage will be too large, while
that on the following stage will be too small. The efficlency of
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the first stage will be low and the capability of the following
stage will not be fully realized. Thus the choke tolerance has to
be assigned in accordance with the requirement of each section so
as to ensure proper matching of the stages.

3. Results and Analysis

By using the above equation in the computation for the tran-
sonic turbine operating under varied conditions, one can effectively
analyze the stage matching of a multi-stage turbine. We carried out
the computation for the performance of a multi-stage twin-shaft turbine.
The results show that, when the stationary blade stagger angle of the
first stage turbine is adjusted, the relation between tﬁe efficlency
and relative choke ratio of the first stage is as shown in Figure 1.
This relation very closely approximates a straight line. One can
see that the efficiency of the turbine stage increases as the
relative choke ratio approaches 1. If, on the other hand, the
stationary blade stagger angle of the second stage 1s adjusted,
the results are as shown in Figure 2. When the stagger angle is
increased, the mass flow is reduced, while when the stagger angle
is decreased, the mass flow remains the same. This indicates that,
when the stationary blade stagger angle of the second stage is
reduced, the critical section is still in the first stage. The mass
flow being restricted by the critical section in the first stage,
stays unchanged. When the stationary blade stagger angle of the
second stage 1s increased, the critical section shifts can be
conveniently described and determined in terms of the relative
choke ratio. It is clear from Figure 2 that the position of the
critical section changes as the stagger angle of the second stage
is varied. When this stagger angle is increased, the corresponding
relative choke ratio also increases gradually. When the stagger
angle becomes larger than 1°, the critical section is shifted to
the second stage. As for stage matching of a multi-stage turbine,
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the variation of relative choke ratios of the various blade rows

can be seen in Figure 2, and the position of the critical séction

can be easily determined. It is also very convenient and effective

to use the relative choke ratio to obtain the optimal arrangement

of the blade rows. When the relative choke ratios of the various

stages are not distributed properly, e.g.,the value for the second

stage 1s larger than that for the first stage, then the critical

section will be located in the second stage and the enthalpy drop .
(or expansion ratio) of the first stage will be severely restricted.

In our example, a mere increase of 2° 1n the second stage blade

stagger angle caused the first stage enthalpy drop to decrease over

20%. This shows that the correct positioning of the critical

section is a crucial factor in the stage matching problem. From

our computation and analysis, we have arrived at the following two
conclusions. ]

(1) There is always an optimal stage matching for a multi-stage
turbine corresponding to different design conditions. From the 1
above discussion, we see that the single stage turbine has the
highest efficiency when the relative choke ratio of the stationary
blade row and the rotating blade row approaches 1. (The blade
proflle is assumed to be the same for the stationary and the rotating
blades.)

(2) The choke ratio and choke tolerance are‘useful parameters
in evaluating the flow and choke conditions for each blade row. These
parameters are also useful in determining the performance of each
section and the position of the critical section. /162
(3) To obtain the best possible performance for each stage,
eritical section should be located at the stationary blade row
of the first stage. This point 1s especially important for a turbine
with a large load. Otherwise, the load in the first stage may be
too small, and the number of stages has to be increased.
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(4) It is recommended to use the equations given in this
paper in conjunction with the computer program for the computation
of the operation of the transonic turbine under varied conditions
in the solution of the stage matching problem.
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INVESTIGATION OF THE ROTOR WAKE IN A SINGLE
*
STAGE AXIAL FLOW COMPRESSOR

Chang Wei-te, Lin Ch'i hsun
(Northwestern Polytechnical University)

ABSTRACT

We find that the developrnent of the rotor wake 1is /163
similar for both rotating stall and surge. So it proves -
that the rotor wake 1s the origin of the unsteady opera-
tion of compressor and the unsteady form only depends on
the acoustic performance of the compressor system.

The parameter of the rotor wake can be used to cal-
culate the loss of the cascade.

The rotor wake 1s one of the origins of the unsteady operation
of the compressor and fundamentally determines the loss in the blade
cascade.

We measured the velocity wake at the rotational speeds of
5000, 8232, 10,765 and 12,700 rpm by means of the 55R34 bend-head
hot film and the 55M0Ol hot wire anemometer placed at 0.2b from the
trailing edge of the blades of a subsonic single stage compressor.
The hot wire signals were fed into an oscilloscope with memory and
photographed. Figures 1 and 2 show the wave forms for the wakes
under the various flow regulating valves, at the rotational speeds
of 5000 and 12,700 rpm (the valves were adjusted from 50 to 69, the
flow creased, and the corresponding mass flow coefficient ala decreased
from 0.6 to 0.4). The experiment shows that for rotational speeds
below 10,760 rpm rotating stall preceded surge, while for higher rota-
tional speeds, surge occurred directly. 1In either case, the varia-
tion in the wake wave form 1s fundamentally the same. For Ela = 0.6,
the wakes of the pressure side and the suction side are basically
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Figure 1. Changes in the wake during the transition from steady
operation to rotating stall at low rotational speeds (n = 5000 rpm)

l--flow regulating valve; 2-=blade tip

symmetrical. The relative thickness in the wake region 3 (which is
the ratio of the width of the wake to the cascade spacing) 1s small,
only about 0.3. With the decrease of the mass flow, the wake wldens
and when 5{; = 0.4, T # 1, and the main flow region almost completely
disappears. This variation can be clearly seen in the examples given
in Figures 1 and 2. Repeated tests show that the repeatabllity is
high. This proves that the rotor wake is one of the causes of un-
steady operation, as it directly leads to rotating stall and surge.
Whether rotating stall or surge ensues depends on the acoustic per-
formance of the compressor. A criterion B has been given by Greitzer
[1]; when B > 0.8, surge will occur, and when B < 0.8, rotating stall
will take place. Using the dimensions of our compressor, we found
B=0.8 for n = 10765 rpm. Therefore, our experimental results agree
basically with his conclusion.

The wake essentlially determines the loss in the rotating blade
cascade. We therefore attempt to determine this loss by means of the




MY 50 Mz
Aot o2

Flgure 2. Changes in the wake when surge was directly induced at
high rotational speed (n = 12700 rpm)

l1--flow regulating valve; 2--blade root

wake parameters. To simplify the process, we assume that the wake

is symmetrical and the velocity. distribution 1s linear in the wake
region as shown in Figure 3. We also assume that: 1) the static
pressure is the same in the main flow reglon and the wake region;

2) the flow 1s incompressible; 3) there is no loss in the total press-
ure in the main flow region; 4) the flow exit angle B, is the same in
the main flow region and the wake region. Thus, the following rela-
tion can be derived for the loss coefficient w (the derivation is
omitted here):

— e (|4 AU 4 _
a %[(1+2L,h3-) 1] (1)

In the above equation, B;jis the flow angle at the inlet; UZm 1s the
average flow velocity at the exit, where U, = Upm.—05(al-2).

Actually, equation (1) is a special case of Lieblein's [2] equation

for this simplified wave form. Figure U shows the variation with EI:

of w obtained from the wake data taken at 0.2b behind the tralling

edge of the blade tip for n = 10760 rpm. We have also given the /165
results obtained for the actual wave form using the Lieblein equation
and the results obtained by means of the steady-state probes. It can
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of the wake wave form coefficient EI;
l-=-steady-~state measurement;
2--simplified method;
3--Lieblein method

be seen from Figure 4 that our results are fairly close to those
obtained using Lieblein's method. On the whole, the results of all
three methods are on the same order of magnitude. The values from
steady-state measurements are on the high side when EI; is small.
This may be attributed to the effects of three-dimensional flow.

This 1s a first attempt at determining the loss in the rotating
blade cascade by means of a dynamic scheme. It is, however, apparent
that this approach 1s feasible. The crux lies in precisely calibrat-
ing the dynamic probes, which we have not yet been able to do. We
will be directing our efforts toward the solution of this calibration
prdblem. Furthermore, we will use a computer to process the data.

It will thus be totally possible to use the dynamic method to deter-

mine the loss in the rotating blade cascade or the primary blade cascade.

Other comrades who particlpated in this work include Liu Chih-wei,
Liu Chia-fong, Liu Chac-jen, Chang Ch'ang-sheng, Shih Ching-hsun and
Chang Tao~sheng.
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The former article 1s the sourée of Chebychev selection of
points for integration by approximation.




THERMAL CONDUCTIVITY MEASUREMENT OF MATERIALS DURING
ABLATION--A TREATMENT ON THE MOVING BOUNDARY PROBLEM.

Chou Pen-lien, Wei Chen, Lin Chun-heng
(Institute of Metal Research, Academia Sinica)

ABSTRACT /166

It is necessary to measure the continuous variation
of a thermal conductivity of coatings due to structural
changes during ablation, so tests have been cairied out under
the conditions simulating the practical operation on speci-
mens similar to actual components. The thermal diffusivity
a and thermal conductivity k have been calculated in this
paper from the temperature rise curves of the inner and
outer surfaces of specimen and the change in dimensions
during ablation by arc plasma. It is suggested in this paper
that the moving boundary of constant temperature model can
be substituted by the fixed boundary of varying temperature
model to treat the case with ablation; in the case without
ablation, the unknown quantities q, (the heat flow) and k
can be cancelled at first by calculating the ratio of temp-
erature increases of the inner and outer surfaces of specimen,
and then k and q, can be calculated as the value of a 1s
obtained.

I. FOREWORD

Structural changes occur continuously in coatings on metals during
the process of ablation. Therefore, in measuring the continuously
varying thermal conductivity of the coating, one should use specimens
similar to the actual components and carry out the tests under
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conditions that are very similar to those of the actual operation.

The temperature rise curves of the inner and outer surfaces of
the coating and the change in dimensions during ablation can be
obtained from arc plasma experiments. Based on this, we have cal-
culated the thermal diffusivity of the cocating material, and obtained
the thermal conductivity of the boating from the values of specific
heat and density. The specimen was prepared by taking a nioblum
alloy tube 20 mm in diameter, 100 mm in length and with wall thickness
3.5 mm, and spraying on it a 0.3 mm thick coating of silicon oxide
and magnesium oxide and a 0.7 mm thick ccating of aluminum oxide.

Then the outermost layer was added which consisted of a 4 mm thick

wrapping made of aluminum phosphate bonded to a quartz belt. For
details, see [1].

II. EXPERIMENTAL DATA AND METHOD OF COMPUTATION

The experiments were divided into two groups. In the first group,
the heat flow was strong. The surface temperature steadied in a short
time without much fluctuation, but the surface was continually ablated.
In the second group, the heat flow was weaker and the temperature
rose at a slower rate. We applied the moving boundary of constant

temperature model to the former and the constant heat flow boundary
model to the latter.

1. Moving boundary of constant temperature

The surface of the three samples in Figure 1 reached a tempera-
ture above 2400°C in a very short time (14.1 sec). Fluctuations
generally stayed within 4%, with & maximum of 7.5%. Hence, one can
regard the outer surface of the sample as the constant temperature
boundary. The quartz belt on the ocuter layer of'the sample reached
the boiling point of 2950°C [2] in a short time in the plasma flame.
While the coating became thinner because of ablation, the surface
temperature remained the same, close to the boiling point, which

could have been lowered a little by the presence of the bonding
material.
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Figure 1. Temperature rise on the inner and outer
surfaces of the sample (under the condition of moving
boundary of constant temperature)

l--no. 9; 2~-no. 10;-=3==no. 12; l--sec.

The sample was rotated about a vertical axis. In the isother-
mal region, the radial heat loss was very small. The tube was
stopped with quartz fabric so as to prevent heat loss from convec-
tion. Because the sample was rotating, it was heated uniformly
and, therefore, the inner surface also had approximately a uniform
temperature. Owing to the balance of radiation, heat loss was vei
small and the inner surface could be considered as an adiabatic /167
boundary. |

As the coating was a thin layer, it was uniformly heated.
Therefore, the direction of heat flow was perpendicular to the inner
and outer surfaces of the coating in the isothermal region and the
problem reduced to that of one-dimensional heat conduction in a large
slab. Taking the x-axis to be along the direction perpendicular to
the surface, and the origin to be on the inner wall, we have

%ﬁ"ﬂgfaﬁ- (r>0,0<s<R) @




R, = R(s)) (2)
oz, £) - (=), (i=0,1, 2,2°<)[i=0, fo((s) = sl
#(R;» ¥) = ¢, = constant | (3)

(0, 1) -0

(4)

In the above equations, t 1s temperature; to is initial temperature;
fi(x) is the distribution of initlal temperature; tc is the constant
temperature of the outer surface; T 1s time; R1 is the thickness of
the coating which became smaller and smaller during the ablation; a
is the thermal diffusivity.

This problem is one of thermal conduction in a large slab with
boundary conditions of the first type [3] for which a solution exists.
Note, however, that the problem in [3] is one with a stationary bound-
ary, while that at hand is one of a moving boundary. In general, the
solution can be found by the method of successive substitution.

Given the initial temperature of the coating t(x,0) = fi(x),
the solution for equations (1)-(4) is [3]:

£sT) =, - z.: SZl + D=z <s(smriPele/nl
’( ‘) e ”.c“ ZR‘ ¢ v (5)
2 ("esex (28 4+ Das’ .
: ‘i‘ 5‘“0(3 ) -t} mg'—z—k‘-h'—Jg

Firsg, let R = Ro, and find the t(x, rl) = fl(x) at T = 1, to

be used as the temperature distribution for R = Rl' Substituting
this into equation (5) gives the t(x,rz) = rz(x) at t = 1,, and so

on. As the series converges rather slowly, the calculation 1s

tedious even with the help of a calculator. In the following we
attempt to treat this problem using a different approadh. The main
idea 1is to use the fixed boundary of a varying temperature model
instead of the moving boundary of constant temperature model in study-
ing the temperature variation inside an object as related to the
thermal properties of that object.
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Assume there 18 no heat flow at
x = 0, and the temperature at x = Ro 1s ¢(t)

of point x at time T will bve th]:

Suppose there 1s a flat slab (Pigure 2) of thickness Ry-
the initial temperature be f(x).

Then, the temperature
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Figure 2. Schematic diagram of the moving boundary
l==inner

From the mean value theorem of integration (letting 8 and Yy be

two parameters between 0 and 1), the above equation can be written as: §

t(xyr) = z Z .-(.-M)"'!I“ cos s 4+ 1 {(Za + wo( —1)*

amg 2R, 2R,
. “k) !:'-(-ﬂ)‘lnl‘.‘ - di + KrmI.O cos 2n ;'Rl‘ ' ‘:.}
[ et et 20 41
‘ amg IR,
(=1 ST 20 4+ 1)
z-T-)'} oG ~ o .-.zn. :
NG )

e C ORI T S




B 4 ~ (~1])*
& = 5o S mh . cllntlar £ iy R — y(aey)

. (=1)> c-.(u'h)'l’tl‘.g ) eosgz" + Dxx
swmgQ 28 41 ZR.

: ' sng &0
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t(z,5) — 4 - (~]) —ri)els ( ) /}_9_
. t(r.&;.:,-:é;_; '72.'%?'»)?-‘? ,..;” =R —(T)
(1) When the initial temperature is to (1.e., £(x) = f(yRo)
= ty), and the temperature remains the same on the right surface,
at t, (l.e., () =o(#r) =) , equation (7) becomes
e, 0) =4 __ 4 2(_-—_lx R (lat Dux(g)
g =18, = soodn+1 2R,
This represents the condition of a Stationary boundary at constant
temperature (4].

: ' (2) 1If at T43 the boundary 1is at x = Ri-l’ the temperature is a
to, the internal temperature is fi_l(x), and at Ty the temperature s
at any point in the slab 1is t(x,ti), then there exists a funection

¢(t) such that the following relation holds.

sz, 1,) =1, - (2 53) — ¢85 (9)
! < (P Rim) =1, n = ¢{pr1)

Similarly,
1xy $pey) =t o, 250 $101) = Sa(Ppestyer) (10)

] t(7R) =, to = S1a(Prai®ier)

If éosdm and éué: ....are functions of the same form, then
the moving boundary of constant temperature model can be replaced by
the statlionary boundary of varying temperature model. The process

1)'l‘he Forg%er expansion for the constant 1 in the open interval
(=Re R0 _ '
T R At % 2




of computation in evaluating thermophysical properties can thus be
reduced to one of determining the parameters of ¢(Tt) 1) using a
finite number of values of R;. )

To simplify the computation, we have chosen for the boundary
temperature rise function (4] the function ¢(s) e (s, ~4)™ which has
a single parameter, and obtained

t(x,0)=1e, o etolu{v/c)f
e~ N co;hR.(p/.)‘
4 2 . (—1)e ~otsn+1 e s}
= Si(2a + 1) (1 + (4R (2n + 1728}]" (11)

. e°‘Sh-i-- IE
2R,

When v = 0, equation (11) becomes equation (8).

Taking the data given in Figure 1 and using equations (5) and
(8) to determine the a, and o, at x = Ro and Rl for each sample
to be substituted into equation (1l),one can find the individual
parameters Vy- The temperature function 1s thus determined. If we
let x = 0, the temperature of the inner wall is given by
W0, )~ _ it 1

e =10 coshR(v;/a)} (12)
» (_l). "“"'l),l"/‘z

LT Y) (18 + DI+ {47)3‘./(2! + 1)¥s})
Substituting the data representing the variation with time of

the temperature of the 1lnner and outer walls, as given in Figure 1,
into equations (11) and (12), one can obtain a series of values for

-a from which the average a can be found. The corresponding tempera-

ture is .
-t "
K" ') R‘ S. '(:,f)“ (13)
The value of a can then be used in k=@ along with the specific
heat cp and density p to calculate the thermal conductivity k of the
coating at E.

I)For example, K= atarsar' s var’ &b,




Figure 3. Temperature rise on the inner and outer surfaces

of the sample (under the condition of constant heat
flow boundary).

/(.,y: 1. sec.




2. Constant heat flow boundary condition /170

There was a temperature rise at both the inner and outer walls
of the sample. Therefore, the boundary cannot be regarded as being
at constant temperature. However, there was no ablation. The temp-
erature of the plasma flame was above 6000 K, but the sample surface
temperature did not exceed 2500 K. The ratio of the heat radiated
i1s given by

H N 4
g

Therefore, we can neglect the outward radiated heat flow. The
inward radiated heat flow Q. is nearly constant. Other conditions
are the same as given above. We have

,a‘(;') "'&%3'). (r>0,0<z<r)  (17)
#(x, 0) = 4 (2')
.‘:25.3_’124.1'_-0

ax & (3%
(0, ¢ -
..53;_)_ o (4')

the solution of which is [3]

:(:,:)-,.-1;[“ R;;:'z-i-RZ(—l)‘“Ecap_?, ’.'-] (14)

In the above equation, .= 2=z, Fg=ar/R? is the Fourier modulus.
We use the following method to overcome the difficulty of having

q, and k as unknowns. Let x = R. Since (—1)""cosy,=—~1 , the temper-
ature rise on the outer surface 1is

-}
Let x = 0. The temperature rise on the inner surface is
e e =8B [f-Le S -2 o] 6

The relative temperature rise ratio for the inner and outer
surfaces 1is
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where the unknown quantities q. and k have been cancelled.

The relative temperature rise ratio eouter/einner is a function

of FO only. The solutlon can be found by making some changes in the

diagram given on page 162 of [3]. In the diagram, FO is the abscissa
and G/Ki is the ordinate, where K1 is the Chebychev modulus. eouter/
Ki and einner/Ki are separately given in the diagram. Take the ratio
of these values for a given FO and cancel the Ki’ and the solution is
readlly obtained. The relation of the ratlos thus obtained to FO can

be tabulated (omitted here).

The value of eouter/einner can be found from Figure 3. The car-
responding value of FO can be found from the table. Thus, a and k
can be obtained from the definition of Fy, & = F,R/T.

The data in Figure 3 can also be used directly in equations (11)
and (12), treating the problem as one of stationary boundary of vary-

ing temperature.

3. Results of computation

Figure 4 gives the values of a calculated for the two groups of
samples under their respective conditions and the values of k obtained
from a. There is a fairly good continuity of the results obtained
using the two methods. As the coating consists of three layers of
different materials and the samples do not have exactly the same
composition, the deviation of the two high temperature data points
for sample no. 12 from the curves for the other two samples is under=
standable.

In computing for the thermal conductivity, we have introduced
the specific heat and density of each layer in a welghted relation
like the following:
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where al, ay and a3 are the thicknesses of the layers of coating,
which become variables in the case of ablation. P» ¢, etc., are
the density and specific heat of each layer.
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Figure 4. Relation between ¢, k and temperature for a
high temperature resistant thermally insulating composite
coating (obtained from the temperature rise curve from
thermally insulated ablation experiment).
l--thermal diffusivity (cm/sec); 2--thermal conductivity (cal/cmesec-°C)
3--thermal diffusivity; 4--thermal conductivity; S5--average tempera-
ture (°C); 6--number; 7--as obtained under the condition of moving
boundary of constant temperature; 8--as obtained under the condition
of constant heat flow boundary; 9--thermal conductlvity obtained
from thermal diffusivity

IITI. DISCUSSION

1. As ablation 1s accompanied by melting and vaporization, 7
the measured values are the effective thermal conductivities. /17

2. After o and k are found, q, can be calculated using equation
(15) or (16).

3. The thermal conductivity during ablation has been obtained
in this paper by solving for it under given boundary conditions.
This method can also be applied to problems under different experi-
mental conditilons.
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A METHOD FOR MEASURING MULTIPLE THERMALPHYSICAL
‘ E
PROPERTIES OF METALLIC MATERIALS AT HIGH TEMPERATURE /173 :

Yao Lung-ch'in, He Lu-ping, Hao-Yu-ts'ail, Kuo-I'ling,
and Wang Hul-ying

(Gen§r31 Research Institute for Nonferrous Metals of
MMI

ABSTRACT

In this paper a method for measuring multiple therma-

! physical properties of metals and alloys at hligh temperature
was introduced; a new experimental apparatus has been devel-
oped; electrical resistivity, thermal conductivity, coeffi-
clent of expansion, hemispherical total emittance, normal
spectral emittance (0.65 u) have been measured. The results
are found to be in accord with the TPRC data. The probability of
replacing a thin tube method with rod specimen for metallic
materials to measure spectral emittance has been discussed.

1. Introduction

There are obvious advantages for measuring many thermophysical
i properties all at once in a single experiment. We have, therefore,
‘ designed and developed a general purpose apparatus that can be used
to measure multiple thermophysical properties of metals at high tempera-
- tures. These properties include spectral emittance at 0.65 u, hemi-
1 spherical total emittance, electrical conductance, thermal conduct-
* ance, coefficlent of linear expansion and melting point.

2. Principle of method

(1) Determination of spectral emittance €3 at 0.65 u.

¥
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Wien's law is given by i\T T Therefore, by drilling a

hole in the sample in the region of uniform tempec-

ature and measuring the temperatures at the bottom and at the rim

of the hole by means of an optical pyrometer, the spectral emittance

can be found from Wlen's formula by inserting these temperature

values into the formula. The hole 1s assumed to be a black body.

Two corrections need to be made in this measurement: (a) for the

error in temperature arising from the difference between the bottom

of the hole and a true black body; (b) for the emission of heat from *

the isothermal region, which results in a temperature difference

between the center and the surface of the sample. Analyses [11,{2]

show that the error in temperature arising from the first factor is

AT == C:T: -T" » Where T' is the temperature of the bottom .
C:+ 1T lasa of the hole as measured by the optical pyro-

meter, and € is the absorptivity of the bottom of the hole. The

error in temperature from the second factor is 5_9.-222.‘.’_’_(1_!.'_),
4zLK R?

Cyf 1 l)

-~

where V, L and I are the voltage drop, length and current intensity,
regspectively, of the isothermal section of the sample. K 1s the heat
conduction coefficient of the sample, r is the distance from the cen-
ter of the sample to the bottom of the hole and R is the radius of
the sample.

(2) Determination of resistivity o.

From Ohm's law, we have in the isothermal region of the sample

p-ﬂ

IL

(3) Determination of hemispherical total emittance Ept
From the Stefan-Boltzman law, in the isothermal region of the

1V
sample, &, -m , where A 1s the surface area of the iso-

thermal region; T and To are the temperature of the sample and the
water-cooled vacuum Jacket, (K) respectively; ard ¢ is the Stefan-
Boltzman constant.




(4) Determination of the average expansion coefficient .

L L

From definition 8"if-—~' , Where LT is the length of the 1so-
(-]

thermal region (at temperature T), L0 is the length at room temper-
ature, and 4An is the difference between T and room temperature.

(5) Determination of thermal conductivity K.

From the method of using a long and a short sample to determine

thermal conductivity [3], we have x-ﬂﬁw—T’ﬂ, where I, and I, are

the current intensities of the 1ong and short samples, respectively;

S i1s the cross-sectional area of the sample, and 8 is the slope of

the temperature distribution curve in the vicinity of the center of

the short sample. /17

(6) Determination of the melting point.
The melting point can be determined by gradually heating the
sample untll 1t melts, observing the temperature of the bottom of

the small hole, and making corrections on absorptivity.

3. Experimental set up and measurements

The experimental set up 1s an apparatus that we have put together
for measuring multiple thermophysical properties. A special feature
of the apparatus 1s the vacuum sealed movable electrodes, the dis-
tance between which can be adjusted according to sample length. The
window for temperature measurement is made up of a pile (8 pieces)
of quartz glass plates. When on? of the glass plates 1s contaminated
by evaporated metal, 1t can be removed without disturbing the vacuum.
The quantities to be measured include: V--the voltage drop in the
measured isothermal section of the sample, I--the current intensity
in the sample, T-=the temperature of the sample and LT-—the length
of the measured isothermal section at temperature T, as determined
using the optical pyrometer. :




4. Samples

The samples were two industrial grade tungsten rods of length
200 mm and diameters ¢3 and ¢5 (mm). After buffing, the rods were
annealed for a half-hour at 2000°C in vacuum. The ¢5 sample was
used in the determination of &e and melting point. The other
quantities were obtained from measurements performed on the other
sample. The short sample needed in the determination of thermal con-
ductivity was taken from the long sample.

5. Experimentai results and discussion 2

The results of the measurements are shown in Figure 1. Tne
curves 1n the diagram have been obtained by smoothing experimental
data given in the references. All the experimental data obtained
in this work have been dotted on the diagram. Using curve-fitting
technique, the following emplrical relations have been obtained for
the various quantities:

£o.0e = 0.468755 + 1.59881 X 10=*T — 9.40576 X 10~°T?

3 = (8.01275 X 1072 + 2.62027 X 10™T — 3.13408 X 10-°T3) deqree

p == (5.42532 + 8.32293 X 107°T + 1.343 X 10™57% — 2.2128 X 10-*T*X(10—0Q)

84, ™ 0.61505 — 7.38875 X 10~*T + 3.93301 X 10~'T% — 5.88482 X 10-27?

k= (—0.799757 + 0.001515T — 7.25901 X 10-7T? + 1.16555 X 10~*T*)
(cal/amedegree *sec)

We made several measurements on the melting point of the high-
melting point materials Tac’ HfC and W. The varilance was +30°C,
approximately.

€ and AT have opposite effects on the spectral emittance Suex
As these effects counteract each other, one can use the method of
drilling a hole in a so0lid rod in the measurement of €y of metallic
materials with high thermal conductivity, instead of the thin wall
method suggested by A. G. Worthing. The difference in the results
obtained by the two methods 18 not large.




1000(X)

Figure 1: ‘ﬁeiation between temperature and Soses Oaus &, 0
and k of W.

l-~this work; 2--references; 3--degree; 4--cm; S--cal/cm+degree-sec
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